We study the interplay between collective and individual optically-induced magnetic responses in quadrumers made of identical dielectric nanoparticles. Unlike their plasmonic counterparts, all-dielectric nanoparticle clusters are shown to exhibit multiple dimensions of resonant magnetic responses that can be employed for the realization of anomalous scattering signatures. We focus our analysis on symmetric quadrumers made from silicon nanoparticles and verify our theoretical results in proof-of-concept radio frequency experiments demonstrating the existence of a novel type of magnetic Fano resonance in nanophotonics. * ben.hopkins@anu.edu.au 1 arXiv:1607.04592v1 [physics.optics]
terials and nanoantenna devices, a result that complements the recent interest in dielectric nanostructures that utilize simultaneous excitation and tailoring of electric and magnetic optical responses. [18] [19] [20] [21] [22] 
I. RESULTS AND DISCUSSION
Consider the optical response of a symmetric quadrumer when it is excited by a plane wave, whose propagation direction and electric field polarization lie in the plane of the quadrumer (s-polarization), as shown in Fig. 1a such an excitation is supported by a collective circulation of electric displacement current around all four nanoparticles. However, if the nanoparticles are made of a high-index dielectric material such as silicon, the individual nanoparticles are also able to couple directly with the applied magnetic field, sustaining internal circulating polarization currents. In this sense, a silicon quadrumer can produce magnetic responses to both electric and magnetic components of the applied plane wave, as is depicted in Fig. 1b . In this figure, the red arrows denote an electric dipole, and the blue circular arrows denote the circulation of displacement current that supports an out-of-page magnetic dipole. Importantly, an interplay may be induced between the two magnetic responses through the locally-enhanced, z-polarized magnetic field sustained by the collective circulation of displacement current, which establishes a coupling channel to the magnetic responses of the individual nanoparticles.
We begin by understanding this magnetic interplay, for which we will model the interactions between nanoparticles using the Coupled Electric and Magnetic Dipole Approximation [23] (CEMDA). The mathematical description of this dipole model in free space is based on the following equations:
where p i (m i ) is the electric (magnetic) dipole moment of the i th particle,Ĝ 0 (r i , r j ) is the free space dyadic Greens function between the i th and j th dipole, α E (α H ) is the electric (magnetic) polarizability of a particle, c 0 is the speed of light and k is the free-space wavenumber.
In Fig. 2a , we show that this dipole model is accurate in modeling full-wave simulations of the silicon nanosphere quadrumers performed using CST Microwave Studio, confirming that, in this spectral range, the optical response of such nanoparticle quadrumers is dominated by dipole interactions among the individual particles. This is the case because higher order coupling in such systems will occur only with smaller interparticle separations [24] (see also the Supporting Information). Fig. 2b shows the electric field distribution at the collective magnetic resonance of the cluster, confirming that the response of the silicon quadrumer includes a collective circulation of electric field around the particles. However, we can also see the additional dynamic produced by dielectric nanoparticles: the magnetic response induced by circulating transverse electric dipoles is accompanied by a magnetic response from each of the individual nanoparticles. This is the unique effect we are interested in.
The magnetic response in an individual silicon nanosphere is an internal circulation of polarization current, which can be seen in Fig. 2b . In the CEMDA we choose to homogenize this circulating current distribution into a discrete source of magnetization current; the magnetic dipole. This implies that the key to strong interaction between individual and collective magnetic responses resides in the strong coupling between induced electric and magnetic dipoles in each inclusion. To describe this coupling, we can consider the eigenmodes of the quadrumer system. As we will show, the eigenmodes of the full, electromagnetic, system can be constructed from the eigenmodes of the decoupled electric and magnetic dipole systems. Therefore, we are going to break apart our dipole system of Eq. 1 into two decoupled equations: one equation for the electric dipoles and one equation for the magnetic dipoles
We can then define two sets of eigenmodes from these equations: one for the electric dipoles and one for the magnetic dipoles. Using state notation, we can refer to the electric dipole eigenmodes as |e and the magnetic dipole eigenmodes as |h . The eigenmode approach in the dipole approximation offers a huge simplification when combined with symmetry, because it allows us to determine certain eigenmodes without calculation. The key is that, for both electric and magnetic dipole systems, the dipole approximation restricts the number Moreover, given that any vector in a one-dimensional space is an eigenvector by default, we are able to derive a number of eigenmodes by simply finding dipole moment profiles that transform according to certain irreducible representations. Eight such dipole moment profiles are shown in Fig. 3 . Each of these dipole moment profiles is the sole basis vector for a single irreducible representation and is therefore an eigenmode of the electric or magnetic dipole equations in Eq. 2, irrespective of wavelength or the choice of material, size, or any parameter which conserves the symmetry of the quadrumer. It is worth noting that this same procedure for finding eigenmodes is applicable to other symmetries when using the dipole approximation, particularly the D nh symmetry groups for small values of n.
We need to now consider the interaction between electric and magnetic dipole systems. An eigenmode of either electric or magnetic dipoles can be substituted into Eq. 1 to determine the resulting state of magnetic or electric dipoles (|m (e) or |p (h) , respectively) that it will induce due to magneto-electric coupling:
However, it has been shown that the operation describing the coupling between states of electric and magnetic dipole moments, must commute with the geometry's symmetry operations. [26] Subsequently the |e and |m (e) dipole moments must both transform according to the same irreducible representation, and similarly for the |h and |p (h) dipole moments.
Therefore, if we consider the eigenmodes of electric and magnetic dipoles in Fig. 3 , the requirement for symmetry conservation specifies which electric dipole eigenmode can cou-ple into which (if any) magnetic dipole eigenmode, and vice versa. As a result, the A 2g or B 1g eigenmodes (cf. Fig. 3 ) are only able to magneto-electrically couple into the other A 2g or B 1g eigenmode, whereas the A 1g and B 2g eigenmodes are not able to couple into any eigenmodes due to a symmetry mismatch. This conclusion allows us to take our analysis of the decoupled electric and magnetic dipole equations, and use it to determine the full, electromagnetic, eigenmodes of the real system. Indeed, we would not necessarily expect an eigenmode of this complex scattering system to be a current distribution described by purely electric or magnetic dipoles; we would expect it to be a combination of both. If we now restrict ourselves to considering only the A 2g (magnetic-like) eigenmodes of an all-dielectric quadrumer, the two eigenmodes from the decoupled electric and magnetic dipole equations (cf. Fig. 3 ) form basis vectors for the A 2g eigenmodes, |v x , of the electromagnetic system.
where a x and b x are complex scalars. Notably, we should expect to have two distinct electromagnetic eigenmodes here because there are two distinct basis vectors and, subsequently, a two-dimensional eigenspace for the quadrumer's response. To derive expressions for a x and b x , we can write the electromagnetic eigenvalue equation for Eq. 1:
where λ x is the eigenvalue of the electromagnetic eigenmode. However, Eqs. 5a and 5b are not independent [27] because one can be obtained from the other using duality transformations. [28] In other words, a solution for a x and b x , that satisfies either Eq. 5a or Eq. 5b, must also satisfy the complete Eq. 5 and describe an electromagnetic eigenmode of Eq. 4. So, if the basis vectors |e and |h are normalized to a magnitude of one, we can project Eq. 5a
and Eq. 5b onto e i and h i (respectively) and sum over all i, to obtain the two solutions for Eq. 5:
where λ e and λ h are the eigenvalues of |e and |h in the decoupled electric and magnetic dipole equations in Eq. 2:
The two ratios in Eq. 6 and Eq. 7 each describe a distinct eigenmode for the electromagnetic system according to Eq. 4. It is worth noting that, if either numerator or denominator go to zero in Eq. 6 or Eq. 7, the starting basis vectors of the decoupled electric or magnetic dipole equations were already eigenmodes of the full system. In regard to the A 2g (magnetic-like)
eigenmodes of an all-dielectric quadrumer, our derivations show that, when both eigenmodes are far from resonance and magneto-electric coupling can be neglected, one eigenmode will be purely composed of electric dipoles and the other will be purely composed of magnetic dipoles. However, as they approach resonance, magneto-electric coupling cannot be neglected and the two ratios of a x and b x will need to be calculated to determine their form as electromagnetic eigenmodes (see Fig. 4c ). In such a situation, the two eigenmodes, |v 1 and |v 2 , are explicitly nonorthogonal to each other with the overlap defined by:
We can therefore expect interference between these eigenmodes as they approach resonance. [29] Indeed, as shown in Fig. 4 , the Fano resonance feature in the silicon quadrumer of Fig. 2 is produced entirely by the interference between these two eigenmodes. To serve as a broader qualification of this magnetic Fano resonance feature, we also investigate its parameter dependence. In Fig. 5a and 5b, we vary the size of the gap between nanoparticles and the size of each individual nanoparticle, respectively. It can be seen that the (shown in the shaded region of Fig. 5b ). This behavior can be expected because the action of increasing the size of the particles while holding the gap constant is very similar to uniformly scaling Maxwell's equations, and silicon permittivity has relatively minor dispersion in this spectral range. [32] Otherwise, the final parameter we consider in Fig. 5c , is the angle of incidence to address the practical limitations for in-plane excitation of nanoscale optical structures. It can be seen that the Fano resonance will persist up to roughly 45
• incidence, beyond which the magnetic response is dominated by the normal-incidence responses. Experimental verification. To verify and validate the theoretical arguments presented above, we look for the existence of magnetic Fano resonances in a high index cluster experimentally. In this regard, one practical option is to mimic the scattering properties of silicon nanoparticles using MgO-TiO 2 ceramic spheres characterized by dielectric constant of 16
and dielectric loss factor of (1.12 − 1.17) × 10 −4 , measured at 9 − 12 GHz. These ceramic spheres in the microwave range therefore have very similar properties to silicon nanospheres in the optical range and they are subsequently a useful macroscopic platform on which to prototype silicon nanostructures. Here, they allow us to perform a 'proof of concept' investigation into the properties of an isolated quadrumer with much more signal than would be expected from a single silicon nanosphere quadrumer. Indeed, such spheres have been used previously to predict the behavior of silicon nanoantennas. [33] [34] [35] The MgO-TiO 2
Frequency,sGHz quadrumer consists of four dielectric spheres with diameter d = 15mm, and the size of the gap between the particles is s = 5 mm. The experimentally measured, and numerically calculated, total scattering of the quadrumer structure are shown in Fig. 6 . It can clearly be seen that a magnetic Fano resonance is produced at 5.4 GHz, in both simulation and experiment. This is the first example of a magnetic-magnetic Fano resonance in a single symmetric metamolecule. Notably, this Fano resonance occurs in a spectral range where the single particle is not at resonance, which demonstrates its collective nature. Indeed, it appears near the intersection of the single particle's electric and magnetic scattering contributions, reflecting that the overlap of eigenmodes (Eq. 9) is dependent on both electric and magnetic dipole polarizabilities. CST simulations were performed assuming plane wave excitation on a quadrumer located in free space. The CEMDA simulations, seen in Fig. 2a , used electric and magnetic dipole polarizabilities that were derived from the scattering coefficients of Mie theory. [36] In all simulations, silicon permittivity data was taken from Palik's Handbook [32] and the MgOTiO 2 spheres were assumed be dispersionless with a dielectric constant of 16 and dielectric loss factor of (1.12 − 1.17) × 10 −4 . The eight irreducible representations of the D 4h symmetry group are depicted as the rows in Table I and the columns correspond to 
